Polarization measurements provide a detailed method to test the Standard Model and to search for new physics. Most previous studies depend on pre-selected coordinates, which blurs the significance of the results. The construction of two rotationinvariant observables in vector boson decay into a fermion pair has been proved to be a big success. In this work, we show that there are more rotation-invariant observables and provide a general recipe to find all of them in an arbitrary decay process.
I. INTRODUCTION
Studying polarization of particles produced in high-energy collisions provides more information of a certain process. It can serve as a powerful tool to test the Standard Model, as well as to search for new physics. All polarization measurements depend on a pre-selected frame. Consequently, the outputs are inevitably dependent on the frame choice. Such dependence often causes cumbersomeness in comparison between theoretical predictions and experimental measurements, as well as comparison between different measurements. An example is the study of J/ψ polarization, in which the results from the Tevatron and the LHC seem to be inconsistent [1] .
Recently, a few rotation-invariant observables have been proposed [2] [3] [4] [5] , based on the fact that all experimentally interesting frames are related by a rotation in the production plane [1] . These rotation-invariant observables provide much more powerful test for the underline production mechanism, and they also provide a non-trivial check of the unaddressed systematic uncertainties for experimental data analyses [6] [7] [8] .
In this work, we show that there could be more rotation-invariant observables and provide a general recipe to find all of them for an arbitrary decay process. The rest of this paper is organized as follows. In section II, we show that the angular distribution of the decay products from a spin-J particle can be expanded by spherical harmonics Y l,m with l ≤ 2J. Then in section III, we introduce a general method of finding all the rotation-invariant observables.
In section IV, we apply our method to obtain explicit expressions of the rotation-invariant quantities for three most phenomenologically important cases, i.e. the decay process of a particle with spin 1/2, 1 and 2, respectively.
II. GENERAL ANALYSES
Let us first consider a vector boson V with mass M V decaying into n particles, as shown in Fig. 1 . Angular distribution of a daughter particle with momentum k 1 in the rest frame of the parent particle V can be expressed as where |M| 2 is the squared amplitude of the decay process with summation over spins of all decay products, p µ = (M V , 0, 0, 0) is the momentum of V in its rest frame, ρ is the spin density matrix of V , and i λ ( * j λ ) are polarization vectors with polarization λ (λ ) for V in the amplitude (the complex conjugate of the amplitude).
After the integration over k i (i≥2) and | k 1 |, the only vector left in the curly bracket in Eq. (1) is n 1 = (n x , n y , n z ) = (sin θ cos φ, sin θ sin φ, cos θ), where θ and φ are the polar and azimuthal angles of k 1 in the rest frame of V , respectively for a given choice of the coordinate system. As a result, the only possible tensor structures in the curly bracket are 2) . Therefore it can be expressed by linear combination of Y lm (θ, φ) with
The argument with the rotational symmetry is very general to be applied to parent particles with any spin. With some algebra, one can show that the angular distribution of any daughter particle in the rest frame of the parent particle can always be expressed as
where J is the spin of the parent particle. Since dΓ/dΩ is real, there are relations fixed by the normalization condition, the number of the degrees of freedom of all coefficients f l,m is 4J(J + 1).
III. ROTATION-INVARIANT OBSERVABLES
If we rotate the reference frame from the original one to a new one, f l,m defined in Eq. (2) changes accordingly. Since SO(3) rotation has 3 degrees of freedom (usually chosen as the Euler angles), one expects 4J(J + 1) − 3 independent combinations of f l,m to be invariant under the SO(3) rotation.
1 From Eq. (2), 2J of these rotation-invariant combinations can be easily identified,
which are quadratic in f l,m . Eq. (3) is from the singlet representation of
rotation-invariant combinations can be constructed with higher powers of f l,m . For example,
gives a rotation-invariant observable cubic in f l,m . A more direct way to obtain all of these high-power rotation-invariant observables is to calculate
In this way, we can find a complete set of SO(3) rotation-invariant observables.
In practice, the most commonly-used frames (such as s-channel helicity frame, CollinsSoper frame [9] , and Gottfried-Jackson frame [10] ) can be related by a SO(2) rotation in the production plane, which is usually chosen as the x − z plane of the reference frame [6] . Since SO(2) rotation has only one degree of freedom, one thus expects two additional rotation-invariant observables.
To obtain the rotation-invariant observables under SO(2) rotation in x − z plane, it is better to express Eq. (2) in bases ofȲ lm (θ, φ), which is the eigenstates ofĴ y ,
1 The only exception is for J = 1 2 parent particle, which will be explained in Sec IV A.
where g l,m is related to f l,m defined in Eq. (2) by
and the Wigner d-function is given by
If another frame is related to the current frame by a rotation of angle δ in the x − z plane, the coefficients g l,m in the expansion similar to Eq. (5) in the new frame is g l,m = e imδ g l,m .
Thus the following observables are invariant under SO(2) rotation in the x − z plane:
Eq. (8) gives 2J + 1 SO(2) rotation-invariant observables, and one can construct even more of them by multiplying g l,m with different values of m. However, only two of them is independent of the SO(3) rotation-invariant observables defined in Eqs. (3) and (4). We find Eq. (8) is adequate to give the two independent SO(2) rotation invariants.
IV. APPLICATION
In this section, we apply Eqs. (3), (4) and (8) to the three most important cases in phenomenology, i.e. the decay of a particle with spin 1/2, 1 and 2, respectively. We find explicit expressions for the SO(3) and SO(2) rotation-invariant observables. Some of these invariants have been found in previous literatures. We show that our formula can reproduce all of them, and also give more invariants which have not been realized before. These explicit expressions could be used as a robust test of the unaccounted for systematic uncertainty in experimental measurements.
A. Spin-1/2 particle decay
The angular distribution of a daughter particle in the rest frame of the parent particle with spin-1/2 can be expressed as
Although there are only three degrees of freedom in this expression, from Eq. (3) and Eq. (4),
we can still obtain a SO(3) rotation-invariant observable
As discussed in Sec. III, we expect 4J(J + 1) − 3 independent combinations of f l,m to be invariant under the SO(3) rotation. This would lead to zero ([4J(J + 1) − 3] J=1/2 = 0) independent combination of f l,m from the decay of a spin 1/2 particle to be invariant under the SO(3) rotation. Having the finite U 1 or W 2 in Eq. (10) is not completely inconsistent because of the fact that it can be expressed as a linear combination of two SO(2) rotationinvariants, T 2 1,0 and T 1,1 , given below. From Eq. (8) we obtain two SO(2) rotation-invariant observables
and
In practice, the overall constant factors of these invariants could be dropped for convenience.
B. Spin-1 particle decay
The angular distribution of any daughter particle in the rest frame of a spin-1 parent particle is usually expressed as
1 + λ θ cos 2 θ + λ φ sin 2 θ cos 2φ + λ θφ sin 2θ cos φ + λ ⊥φ sin 2 θ sin 2φ
The coefficients A's equal to zero for the parity-conserving process. From Eq. (3) and Eq. (4), we obtain SO(3) rotation-invariant observables
Since there are eight real coefficients (λ's and A's) in Eq. (13), the quantities U 1,2 and W 3,4,5
are the only five independent SO(3) rotation-invariant observables that we can construct.
Any combination of them are also rotation invariant. From Eq. (8) we obtain the two SO (2) rotation-invariant observables in x − z plane,
In Eq. (15), T 2,0 and T 2,2 are equivalent to the rotation-invariant observables obtained in Refs. [3] and [4] , respectively. T 2,0 is also equivalent to rotation-invariant observable F 1 defined in both Eq. (25) and Eq. (A3) in Ref. [5] .
For parity-conserving decay process, all coefficients A's equal to zero, and the distribution given in Eq. (13) has 5 degrees of freedom (the λ's). Since SO(3) rotation has 3 degrees of freedom, there are two SO(3) rotation-invariant observables, which can be chosen to be W 2 and W 3 in Eq. (14), which become
The two SO(2) rotation-invariant observables are still given in Eq. (15).
For parity-conserving decay process, if there are frames in which both λ ⊥φ and λ ⊥θφ vanish 2 , W 2 and W 3 are further simplified in these frames to be
It is easy to find that requiring the two quantites in Eq. (17) to be invariant is equivalent to requiring the two quantities in Eq. (15) to be invariant. Therefore, we conclude that these frames must be related by a rotation in x − z plane.
C. Spin-2 particle decay
Since there are also higher spin bound states, such as χ c2 that can decay to a photon and a J/ψ, we give a brief discussion for spin-2 particle decay. We use the parameterization of the angular distribution given in Ref. [5] ,
) 1 + λ θ cos 2 θ + λ 2θ cos 4 θ + λ θφ sin 2θ cos φ + λ 2θφ sin 2θ sin 2 θ cos φ + λ ⊥θφ sin 2θ sin φ + λ ⊥2θφ sin 2θ sin 2 θ sin φ + λ φ sin 2 θ cos 2φ + λ 2φ sin 4 θ cos 2φ + λ ⊥φ sin 2 θ sin 2φ + λ ⊥2φ sin 4 θ sin 2φ + λ 3θφ sin 2θ sin 2 θ cos 3φ + λ ⊥3θφ sin 2θ sin 2 θ sin 3φ
where parity conservation is assumed. With Eq. (4) 
From Eq. (8), we can also obtain the two SO(2) rotation-invariant observables,
It is straightforward to check that the complicated rotation-invariant observable F 2 defined in Eq. (B6) in Ref. [5] can be obtained by linear combination of T 2,0 and T 4,0 defined in Eq. (20).
V. DISCUSSION
The polarization of a particle with spin J can be studied from the angular distribution of any of its decay products. In Eq. (2), we show that angular distribution can always be expanded by spherical harmonics Y lm (θ, φ) with l ≤ 2J, with coefficients determined by spin density matrix of the decaying particle. These coefficients, however, also depend on the choice of a reference frame or a coordinate system, and a clear physical picture can be obtained from these coefficients only if a very clever reference frame/coordinate is chosen. In fact, an improper choice of the reference frame/coordinate could lead to artificial dependencies of the results on the kinematics and on the experimental acceptance [6] . In contrast, rotation-invariant observables that we proposed in Eqs. (3), (4), and (8) do not depend on the selected reference frame/coordinate. Therefore they are expected to be better observables to extract the polarization information of the decaying particle and to test underlying theory.
A few SO(2) rotation invariant observables have already been suggested in literature [2] [3] [4] [5] and have been applied in the analysis of quarkonium polarization [7, 8] . We show that all these observables can be easily obtained with our method. In addition, our method provides more SO(3) and SO(2) rotation-invariant observables. For single inclusive production, all commonly-used frames are related by a SO(2) rotation in the production plane. In this case the SO(2) rotation-invariant observables are adequate for the comparison between prediction and measurements, and between different measurements. For a general process, such as associate productions, the most important frame choices may not be related by a SO(2) rotation. Then the SO(3) rotation-invariant observables are necessary.
In section IV, we also calculate the explicit expressions of all rotation-invariant observables for the decay process of spin-1/2 particle and spin-1 particles, and some rotationinvariant observables for the decay process of a spin-2 particle. These expressions can be used to check the possibility of unaddressed systematic uncertainty, caused by the detector acceptence or by the event selection criteria [6] . They can facilitate the comparison between existing analyses of polarization. They are also a robust test of the correctness in the future polarization analysis.
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